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The annihilation of proton and antiproton to electron-positron pair, including ra-
diative corrections due to the emission of virtual and real photons is considered. The
results are generalized to leading and next-to leading approximations. The relevant
distributions are derived and numerical applications are given in the kinematical
range accessible to the PANDA experiment at the FAIR facility.
I. INTRODUCTION
The determination of the proton form-factors in the time-like region is planned at PANDA
(FAIR) in the process of annihilation of proton and antiproton to an electron-positron pair,
for values of antiproton momentum up to 15 GeV/c [1]. Radiative corrections (RC) due to
the emission of real and virtual photons do affect the measurement of the experimentally
observable quantities, in particular of the differential cross section. The individual determi-
nation of the electric and magnetic proton form factors requires the precise knowledge of
the angular distribution of the final lepton, in shape and in absolute value. The motivation
of this paper to calculate radiative corrections to this process and to provide the formulae
for the differential cross sections with the adequate accuracy to be used in the experiment.
A lot of attention was paid to the cross-process e+e− → µ+µ−(γ) years ago (see Ref.
[2–4]), where the total cross section as well as different distributions were considered. The
purpose of this work is to update and generalize the results obtained in Born approximation
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2and in the lowest order of perturbation theory for the process of radiative annihilation of
proton and antiproton to a lepton pair at high energies.
Among the first papers devoted to the annihilation of proton pair to a lepton pair one
should refer to Ref. [5], where the possibility to measure the nucleon form factors in the
time-like region of momentum transfer was discussed. In the paper [6] the case of polarized
particles was considered. More recently, single and double spin polarization observables were
calculated in frame of different models and applied to the world data [7] in space-like as well
as in time-like region. In Ref. [8] the expression of the cross section and the polarization
observables in terms of form factors was extended to the two photon exchange mechanism,
in a model independent formalism.
The matrix element of the annihilation process
p(p+) + p¯(p−)→ e+(q+) + e−(q−) (1)
in Born approximation has the form:
MB =
4πα
q2
v¯(p−)Γµu(p+)u¯(q−)γµv(q+), (2)
with q = p+ + p−, q
2 = s, p2± =M
2, q2± = m
2, M(m) is the proton(electron) mass, and
Γµ(q) = F
str
1 (s)γµ +
1
4M
[γµ, qˆ]F
str
2 (s), (3)
where F str1,2 (s) - are the Dirac and Pauli form factors of proton.
For large-angle scattering, the terms of the order ofm2/M2 compared to the ones of order
of unity can be neglected (1 +O(m2/M2)).
The matrix element squared summed over the spin states is:∑
spin
|M |2 = 16 · (4πα
s
)2 · s
2
4
{|GM(s)|2(1 + cos2 θ) + (1− β2)|GE(s)|2 sin2 θ} (4)
where the magnetic and electric form factors of proton are
GE(s) = F
str
1 (s) + ηF
str
2 (s), GM(s) = F
str
1 (s) + F
str
2 (s), η =
s
4M2
, β2 = 1− 4M
2
s
.(5)
M is the proton mass, β is the proton velocity.
Let us introduce the kinematics invariants
t = (p− − q−)2 = −s
4
(1 + β2 − 2β cos θ), u = (p+ − q−)2 = −s
4
(1 + β2 + 2β cos θ)
s =
4M2
1− β2 , s+ t + u = 2M
2, (6)
3where θ -is the scattering angle between the direction of motion of the antiproton and the
electron in the center of mass system (cms).
The differential cross section in Born approximation has the form [5]:
dσB
dO−
=
α2
4sβ
{
|GM(s)|2(1 + cos2 θ) + (1− β2)|GE(s)|2 sin2 θ
}
(7)
The total cross section is
σtot =
4πα2
3βs
[
|GM(s)|2 + 1
2
|GE(s)|2(1− β2)
]
. (8)
II. VIRTUAL AND SOFT PHOTON EMISSION
Below we will suppose the proton to be point-like particle GE(s) = GM(s) = 1, and RC
to the proton and electron vertex can be written in the form:
F1(s) = 1 +
α
π
F
(2)
1 (s) + ... , F2(s) =
α
π
F
(2)
2 (s) + ..., Fe(s) = 1 +
α
π
F (2)e (s) + ... (9)
Moreover we will consider the case of non-relativistic proton and antiproton, β ∼ 1.
The Born matrix with one-loop corrections can be written in the form:
MBV =
1
1− Π(s)
{
M1B
[
1 +
α
π
F (2)e (s) +
α
π
F
(2)
1 (s)
]
+
α
π
M2BF
(2)
2 (s)
}
−
(α
π
)2
Mbox, (10)
with
M1B =
4πα
s
v¯(p−)γµu(p+)u¯(q−)γµv(q+),
M2B =
4πα
s
1
4M
v¯(p−)(γµqˆ − qˆγµ)u(p+)u¯(q−)γνv(q+). (11)
The real parts of Dirac F
(2)
1 (s) and Pauli F
(2)
2 (s) proton form-factors (of QED origin) can
be written as: [4, 9]:
ReF
(2)
1 (s) =
(
ln
M
λ
− 1
)(
1− 1 + β
2
2β
Lβ
)
+
1 + β2
2β
[
1
3
π2 + Li2
(
1− β
1 + β
)
− 1
4
L2β − Lβ ln
(
2β
1 + β
)]
− 1
4β
Lβ,
ReF
(2)
2 (s) = −
1− β2
4β
Lβ , Lβ = ln
1 + β
1− β . (12)
Only the Dirac form factor is relevant for the lepton:
ReF (2)e (s) =
(
ln
m
λ
− 1
)
(1− Le)− 1
4
Le − 1
4
L2e + 2ξ2, Le = ln
s
m2
. (13)
4The polarization of vacuum operator Π(s) = Πe(s)+Πµ(s)+Πτ (s)+Πhadr(s) has a standard
form:
ReΠe(s) =
α
3π
(
Le − 5
3
)
, ImΠe(s) = −α
3
,
ReΠµ(s) = −α
π
[
8
9
− β
2
µ
3
− βµ
(
1
2
− 1
6
β2µ
)
Lµ
]
, ImΠµ(s) = −α
π
· π
2
(
1− 1
3
β2µ
)
,
Lµ = ln
1 + βµ
1− βµ , βµ =
√
1− 4M
2
µ
s
. (14)
The contribution of hadron states to the vacuum polarization is [10]
Πhadr(s) = − s
2π2α
∞∫
4M2pi
ds′
σe+e−→hadr(s
′)
s′ − s− i0 . (15)
In particular for a charged pion pair as hadron state we have
σe+e−→hadr(s) =
πα2
3s
β3pi|Fpi(s)|2, βpi =
√
1− 4M
2
pi
s
. (16)
with Fpi(s) is pion form factor. Setting Fpi(s) = 1 we have
Πpi+pi−(s) =
2α
π
[
1
12
ln
1 + βpi
1− βpi −
2
3
− 2β2pi − i
β3pi
12
]
.
The contribution of the box type Feynman diagrams describing the two virtual photons
annihilation mechanism is
Mbox =
∫
d4k
iπ2
1
(k2 − λ2)((q − k)2 − λ2) v¯(p−)γν
pˆ+ − kˆ +M
(p+ − k)2 −M2γµu(p+)
×u¯(q−)
[
γµ
qˆ− − kˆ +m
(q− − k)2 −m2γν + γν
−qˆ+ + kˆ +m
(q+ − k)2 −m2γµ
]
v(q+). (17)
The interference of Born and box-type amplitudes contribution to the odd part of differential
cross section is:
dσodd
dO−
=
−α3
2πs2β
I(t, u, s), I(t, u, s) = (1− P (t, u))
∫
d4k
iπ2
· SeSp
(0)(q)(p)(m)
, (18)
where P (t, u) is the exchange operator P (t, u)f(t, u) = f(u, t), and
(0) = k2 − λ2, (q) = (q − k)2 − λ2, (p) = k2 − 2p+k + i0, (m) = k2 − 2q−k + i0,
Se =
1
4
Trqˆ+γλqˆ−γµ(qˆ− − kˆ)γν ,
Sp =
1
4
Tr(pˆ+ +M)γλ(pˆ− −M)γν(pˆ+ − kˆ +M)γµ. (19)
5Using the set of one-loop integrals listed in Appendix B we obtain
I(t, u, s) = (u− t)
[(
2M2
β2
+ t+ u
)
I0qp − π
2
6
+
1
2
L2β −
1
β2
Lβ
]
+ (2t+ s)
[
1
2
L2ts − Li2
( −t
M2 − t
)]
− (2u+ s)
[
1
2
L2us − Li2(
−u
M2 − u)
]
+ (ut−M2(s+M2))
[
1
t
Lts − 1
u
Lus +
u− t
ut
Ls
]
+
2
s
[
t2 + u2 − 4M2(t+ u) + 6M4]Ltu(LMλ + Ls), (20)
with
Ls = ln
s
M2
, Ltu = ln
M2 − t
M2 − u, Lts = ln
M2 − t
s
,
Lβ = ln
1 + β
1− β , Lus = ln
M2 − u
s
, LMλ = ln
M2
λ2
, (21)
and
I0qp =
1
sβ
[
LsLβ − 1
2
L2β −
π2
6
+ 2Li2
(
1 + β
2
)
− 2Li2
(
1− β
2
)
− 2Li2
(
−1 − β
1 + β
)]
. (22)
For large values of the kinematic invariants s ∼ −t ∼ −u ≫ M2 our result is in agreement
with the result previously obtained by I. Kriplovich [11]:
I(t, u, s) =
2
s
(t2 + u2)Ltu[LMλ + Ls] +
1
2
(t− u)L2tu + (t− u)LtsLus + uLts − tLus
= s(1 + c2)
{
ln
1− c
1 + c
ln
s
λ2
+
1
2(1 + c2)
[
c
(
ln2
1 + c
2
+ ln2
1− c
2
)
−(1 + c) ln 1− c
2
+ (1− c) ln 1 + c
2
]}
. (23)
It is useful to note that the coefficient of LMλ, see Eq. (20)
2
s
(t2 + u2 − 4M2(t+ u) + 6M4) = s(2− β2 sin2 θ),
is proportional to the Born matrix element squared.
The differential cross section, including Born amplitudes and virtual corrections, becomes:
dσBV
dO−
=
α2
4sβ
{∣∣∣∣ 11−Π
∣∣∣∣
2[
(2− β2 sin2 θ)
[
1 +
2α
π
(F (2)e (s) + F
(2)
1 (s))
]
+
4α
π
ReF
(2)
2 (s)
]
− 2α
πs
I(t, u, s)
}
. (24)
The soft real photons emission can be taken into account in the standard way:
dσsoft
dσB
= − 4πα
(2π)3
∫
d3k
2ω
(
p+
p+k
− p−
p−k
+
q−
q−k
− q+
q+k
)2
=
dσsofteven
dσB
+
dσsoftodd
dσB
, (25)
6where the photon energy in CMS is constrained by: ω < ∆E, ∆E ≪ E = √s/2. We obtain
for the even part:
dσsofteven
dσB
=
α
π
{
−2
[
ln
(
2∆E
λ
)
− 1
2β
Lβ
]
− 2 ln
(
∆E ·m
λE
)
+ 2
1 + β2
2β
[
ln
(
2∆E
λ
)
Lβ − 1
4
L2β + Φ(β)
]
+ 2
[
ln(
2∆E
λ
)Le − 1
4
L2e −
π2
6
]}
,
with Φ(β) :
Φ(β) =
π2
12
+ Lβ ln
1 + β
2β
+ ln
2
1 + β
ln(1− β) + 1
2
ln2(1 + β)− 1
2
ln2 2
− Li2 (β) + Li2 (−β)− Li2
(
1− β
2
)
, Φ(1) = −π
2
6
. (26)
For the case s ∼ −t ∼ −u≫ M2 we have [12]
dσBSV
dσB
=
1
|1−Π|2D
2
p∆D
2
e∆
[
1 +
α
π
(Kp +Ke)SV
]
− 4α
π
ln
∆E
E
ln
1− c
1 + c
+
α
π
KoddSV (27)
with
Dp∆ = 1 +
α
2π
(Ls − 1)
(
2 ln
∆E
E
+
3
2
)
,
De∆ = 1 +
α
2π
(Le − 1)
(
2 ln
∆E
E
+
3
2
)
,
KpSV = K
e
SV =
π2
3
− 1
2
,
KoddSV =
4
(1 + cos2 θ)
[
cos θ
(
ln2 sin
θ
2
+ ln2 cos
θ
2
)
+ sin2
θ
2
ln cos
θ
2
− cos2 θ
2
ln sin
θ
2
]
−4 ln2 sin θ
2
+ 4 ln2 cos
θ
2
+ 2Li2
(
sin2
θ
2
)
− 2Li2
(
cos2
θ
2
)
. (28)
Let us note thatKoddSV has a different sign than for the annihilation process e
++e− → µ++µ−.
III. HARD PHOTON EMISSION
Let now consider hard photon emission contribution:
p¯(p−) + p(p+)→ e+(q+) + e−(q−) + γ(k) (29)
The differential cross section is the sum of contributions of emission from leptons and hadrons
[2]:
dσ =
α3
2πs
R
dx−dxdcdz√
D(c, a−, z)
; D(c, a−, z) = (z1−z)(z−z2), R = s
16(4πα)3
∑
spin
|M |2 = Reven+Rodd,
7with
x± =
E±
E
, x =
ω
E
, z = cos(~k, ~p−), c = cos(~q−, ~p−), a− = cos(~k, ~q−), c+ = cos(~q+, ~p−),
and
z1,2 = a−c±
√
(1− a2−)(1− c2), a− = 1−
2(1− x+)
xx−
. (30)
The energy-momentum conservation gives the relations
x+ + x− + x = 2, x+c+ + x−c+ xz = 0. (31)
The quantity R has been previously calculated in [2, 4]. For s≫M2 we have:
Reven = −M
2s
2s′2
[
t2 + u2
(p−k)2
+
t′2 + u′2
(p+k)2
]
− m
2
2s
[
t2 + u′2
(q−k)2
+
t′2 + u2
(q+k)2
]
+
t2 + t′2 + u2 + u′2
4s′
(
s
p+kp−k
+
s′
q+kq−k
)
;
Rodd =
t2 + t′2 + u2 + u′2
4s′
(
t
p+k · q+k +
t′
p−k · q−k −
u′
p−k · q+k −
u
p+k · q−k
)
,
with
t = −2p+q+, u = −2p+q−, s = 2p+p−, t′ = −2p−q−, u′ = −2p−q+, s′ = 2q+q−,
t + t′ + u+ u′ + s+ s′ = 0.
Performing the simplifications and omitting the contributions of terms of order
O
(
M2
s
)
(32)
compared to the ones which lead to contributions of the order of unity, we obtain
Reven = RM +Rp +Rq,
RM = −(1 + Pc)2M
2
sx¯2
x2−
x2
σ+
(1− βz)2 −
m2
s
(1 + c2)
[
1
x¯2+
+
1
x¯2−
]
;
Rp = 2(1 + Pc)
X
x¯x2(1− βz) ; Rq =
X
x¯+x¯−
, (33)
where σ+ = x¯
2(1 − c)2 + (1 + c)2, x¯ = 1 − x, x¯± = 1 − x± and the exchange operator Pc is
defined as Pcf(c) = f(−c), (see Eq. (18), Pc = P (t, u)). The quantity
X =
t2 + t′2 + u2 + u′2
s2
(34)
8can be written in two (equivalent) forms. In the case when it is convoluted with the ”singu-
lar” factor 1/(1 − βz), keeping in mind that one has to further integrate on x− and z (see
details in Appendix A) it has the form:
X = A1x
2
− + A2(1− z)2 + A3x−(1− z)(c− t) +
A4x
2
−(c− t)2 + A5x−(1− z) + A6x2−(c− t), (35)
with x− = 2x¯/r, r = 2 − x(1 − t). Here and further we use the notation t = a− = 1 −
2x¯+/(xx−). The coefficients Ai are
A1 =
1 + x¯2
4x¯2
σ+ ;A2 =
1
2
x2; A3 =
x3
2x¯
;
A4 =
x2(1 + x¯2)
4x¯2
; A5 =
x
2x¯
[x¯2(1− c)− (1 + c)]; A6 = − x
2x¯2
[x¯3(1− c) + (1 + c)]. (36)
For ”nonsingular” terms entering in Rq we have (following from the definition):
X =
1
2
[x2+(1 + c
2
+) + x
2
−(1 + c
2)] =
1
2
[(2− x− − x)2 + (x−c+ zx)2 + x2−(1 + c2)]. (37)
The contribution which is odd under the action of Pc has the form (in agreement with Ref.
[2])
Rodd =
1
x¯
[
2
x2(1− β2z2) [xx+(c+ − z) + xx−(z − c)] +
x¯
x¯+x¯−
[x−x¯−c− x+x¯+c+] + 2(x−c− x+c+)
+
x+(1 + c+)
2xx¯−(1 + βz)
[2x+x−(1− cc+) + xx−(1− zc)− x+x¯+(1− c+)− xx−(1− c)]−
x+(1− c+)
2xx¯−(1− βz) [2x+x−(1− cc+) + xx−(1− zc)− x+x¯+(1 + c+)− xx−(1 + c)] +
x−(1− c)
2xx¯+(1− βz) [2x+x−(1− cc+) + xx+(1− zc+)− x+x¯+(1 + c+)− xx−(1 + c)]−
x−(1 + c)
2xx¯+(1 + βz)
[2x+x−(1− cc+) + xx+(1− zc+)− x+x¯+(1− c+)− xx−(1− c)]
]
. (38)
Let now focus on the distribution dσ/(dxdc).
The integration on the two other variables (x−, z) (see Appendix A) leads to∫
dx−dz
π
√
D
RM = −8x¯
x
(1 + Pc)
σ+
A4
− 2x¯
x
(1 + c2), A = 2− x(1− c). (39)
Using the relations
1
x¯+x¯−
=
1
x
[
1
x¯+
+
1
x¯−
]
, x+c+ + x−c+ zx = 0, (40)
9and performing the integration over z, the expression for Rq can be written as
Rq =
1 + c2
2x
[
(1 + x¯2)
(
1
x¯+
+
1
x¯−
)
+
2xx¯
x2−
− 2x
]
. (41)
The integration on x− leads to∫
dx−dz
π
√
D
Rq =
1 + x¯2
x
(1 + c2) ln
sx¯
m2
(42)
and ∫
dx−dz
π
√
D
Rp = (1 + Pc)
4
x
[
4x¯2A1J1 + A2J2 +
2x¯A3J3 + 4x¯
2A4J4 + 2x¯A5J5 + 4x¯
2A6J6
]
, (43)
with Ai given above and Ji listed in Appendix A. Note that only quantity J1 contains the
logarithmically-enhanced contribution
J1 =
1
A4
ln
s
M2
+∆J1.
Moreover, the coefficients A2−A6 as well as the quantity ∆J1 are proportional to x at small
x.
Performing the integration over z we obtain
dσhardodd
dxdc
=
α3
s
(1− Pc)
1−m
2
x
sx¯∫
x¯−m
2x
sx¯
dx−
xx¯
{
c
(
2xx¯+ − x
x¯+
+
xx¯2
x¯−
)
+
1√
R
[
1 + c
x¯+
(c2 + cx+ 1− x+ x2)− 1− c
x¯−
(c2x¯2 + cxx¯+ 1− x+ x2)
− xA(1 + c2) + x2c(1− c)2 − 2x(c3 − c2 + c+ 1) + 2(1− c2)
]}
, (44)
with R = (c− t)2 + (1− β2)(1− c2).
Performing the integration over x− we obtain
dσodd
dxdc
=
α3
2s
(1− Pc) 1
A
{[
c2 + xc + 1− x+ x2][ 4
x
ln
1 + c
2
+
1 + c
x¯
ln
sx¯(1 + c)2
m2A2
]
+
[
−4
x
ln
x¯(1− c)
2
+ (1− c) ln sx¯
3(1− c)2
m2A2
] [
c2x¯2 + cxx¯+ 1− x+ x2]+
2c(2c+ x(1 − c)) ln 4sx¯
m2A2
+ 2(1 + c2)
[
6x¯
A
− (2− x)− A
4x¯
(1 + x¯2)
]
+(
− 4
A
+
2− x
x¯
)[
x2c(1− c)2 − 2x(c3 − c2 + c+ 1) + 2(1− c2)]} . (45)
10
Performing the integration on the photon energy fraction ∆ = ∆E
E
< x < 1− 4m2
s
we obtain
(see Appendix A)
dσhardodd
dc
=
α3
2s
{
4(1 + c2) ln
1 + c
1− c ln
1
∆
+ c
[
−6 − π
2
3
− ln2
(
1− c
1 + c
)]
+ 2(1− 3c2) ln 1 + c
1− c +
6
1− c
(
−1 + 2ln
2
1+c
1− c
)
− 6
1 + c
(
−1 + 2ln
2
1−c
1 + c
)
+
2(1 + c2)
[ 1+c2∫
1−c
2
dx
x
ln(1− x) + 1
2
ln2
(
1− c
2
)
− 1
2
ln2
(
1 + c
2
)]}
. (46)
The odd part of differential distribution does not have logarithmic enhancement.
The logarithmically - enhanced contribution from hard photon emission to the even part
of differential cross section has the form:
dσhardeven
dxdc
=
α
2π
·
{[
dσB(x¯p−, p+)
dc
+
dσB(p−, x¯p+)
dc
]
· 1 + x¯
2
x
(
ln
s
M2
− 1
)
+
2
dσB(p−, p+)
dc
[
1 + x¯2
x
ln
( s
m2
− 1
)]
+
πα2
s
K(x, c)
}
, (47)
with
K(x, c) = (1 + c2)
(
x+
1 + x¯2
x
ln x¯
)
+ (1 + Pc)
[
4xσ+
A4
+
4
x
Q(x, c)
]
,
Q(x, c) = (1 + x¯2)∆J1σ+ + A2J2 + 2x¯A3J3 + 4x¯
2A4J4 + 2x¯A5J5 + 4x¯
2A6J6. (48)
IV. DISCUSSION
Extracting the logarithmically - enhanced terms in virtual and soft photon (27) and hard
photon (47) emission and keeping in mind the factorization theorem [12] we can express the
differential cross section for the process
p¯(p−) + p(p+)→ e+(y+) + e−(y−) + (γ(k)) (49)
in the form
dσ
dcdy+dy−
=
∫
dx+dx−D(x+, Ls)D(x−, Ls)dσB(x−p−, x+p+, z+, z−)
dc
1
|Π(sx+x−)|2
(
1 +
α
π
K
) 1
z+z−
D
(
y+
z+
, Le
)
D
(
y−
z−
, Le
)
+
+
(
dσ
dc
)odd
, (50)
11
where y± is the energy fraction of the final lepton. The non-singlet structure function D of
the leptons is [3, 12]
D(x, L) = δ(x− 1) + b
4
P (1)(x) +
1
2!
(
b
4
)2P (2)(x) + ...,
P (1)(x) =
(
1 + x2
1− x
)
+
, P (2)(x) = P ⊗ P (x), (51)
or equivalently
D(x, L) = 1
2
b(1 − x) b2−1
(
1 +
3b
8
)
− 1
4
b(1 + x) +O(b2), b =
2α
π
(L− 1). (52)
The shifted Born cross section for the hard subprocess is:
dσB(x−p−, x+p+, z+, z−)
dc
=
dσB(x−, x+)
dc
=
4πα2
s
x2−(1− c)2 + x2+(1 + c)2
[x−(1− c) + x+(1 + c)]4 , (53)
and the energy fraction of the leptons in the hard subprocess is:
z− =
x2−(1− c) + x2+(1 + c)
x−(1− c) + x+(1 + c) ; z+ =
2x−x+
x−(1− c) + x+(1 + c) ; c = cos ~̂p− · ~q−. (54)
The explicit form of (dσ/dc)odd is the sum of soft, virtual and hard photon emission contri-
butions ( see (18,25,46):
dσodd
dc
=
α3
2s
F (c),
F (c) = c
(
−6− π
2
3
+ 2 ln
2
1 + c
ln
2
1− c + ln
4
1− c2
)
+ 3(1− 2c2) ln 1 + c
1− c +
6
1− c
(
−1 + 2
1− c ln
2
1 + c
)
− 6
1 + c
(
−1 + 2
1 + c
ln
2
1− c
)
+
4(1 + c2)
[
Li2
(
1− c
2
)
− Li2
(
1 + c
2
)]
. (55)
The relevant charge-asymmetry
A(c) =
dσ(c)− dσ(−c)
dσ(c) + dσ(−c) =
α
π
F (c)
1 + c2
, (56)
turns out to be rather large to be measured in experiment: |A| ∼ 4− 5%. It is presented in
Fig. 1. We note the numerical agreement with the calculation of Ref. [2].
The non - leading terms (which do not contain the ”large logarithms” Le, L) are contained
in the factor (1 + α
pi
K) with K = KSV +Khard(x+, x−, c), KSV =
2
3
π2 − 1 and
Khard(x−, x+, c) =
[x−(1− c) + x+(1 + c)]4
8[(x2−(1− c)2 + x2+(1 + c)2]
F (x−, x+, c);
F (x−, x+, c) =
1
2
(1 + c2)[x¯− +
1 + x2−
x¯−
ln x− + x¯+ +
1 + x2+
x¯+
ln x+]
+
4r−x¯−
A4−
+
4
x¯−
Q(x¯−, c) +
4r+x¯+
A4+
+
4
x¯+
Q(x¯+,−c), (57)
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Figure 1: Asymmetry A(c) ·pi
α
( see(56)) as a function of c, c = cos ~̂p−~q−.
with
r− = x
2
−(1− c)2 + (1 + c)2, A− = 1 + x− + c(1− x−);
r+ = (1− c)2 + x2+(1 + c)2, A+ = 1 + x+ − c(1− x+). (58)
The quantity
Khard
(
1
2
,
1
2
, c
)
=
1
8(1 + c2)
F
(
1
2
,
1
2
, c
)
(59)
is presented in Fig.2.
In the application of the present calculation to the kinematical range covered by PANDA
(s = 15 GeV2) we can neglect the corrections related with neutral weak currents (annihilation
through neutral Z-boson). Indeed, the relevant correction (1 + δW ) is very close to unity
δW ∼ avs/M2Z < 10−3.
The distributions on the energy fractions of the muons (Dalitz-plot distribution), the in-
clusive distribution and the total cross-section of the process e+e− → µ+µ−γ was considered
in the papers [2],[4]. The relevant results for the process considered here can be obtained
by a simple replacement.
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Figure 2: K-factor for even part of cross-section Khard(c) (see (59)) as a function of c, c = cos ~̂p−~q−.
Appendix A: Integrals for the case of hard photon emission
Transforming the phase volume of final 3-body state as
1
sπ2
d3q−
2E−
d3q+
2E+
d3k
2ω
δ4(p+ + p− − q+ − q− − k) =
1
sπ2
d3q−
2E−
d3k
2ω
δ((p+ + p− − q− − k)2 −m2) =
1
32π
x−xdx−dxdcdOγδ[(1− x− − x+ 1
2
xx−(1− t)] =
dcdx
16π
dx−
2dz√
D
=
dcdx
4π
xx¯
r2
dtdz√
D
, (A1)
where D = D(z, c, t) = 1−z2−t2−c2+2zct = (z−z1)(z2−z), c = cos(~p−, ~q−), z = cos(~k, ~p−)
-are the cosines of electron and photon emission angles, counting from the antiproton direc-
tion,
x =
2ω√
s
, x± =
2E±√
s
, x− =
2x¯
r
, x+ + x− + x = 2,
t = 1− 2(1− x+)
xx−
= cos(~k, ~q−), r = 2− x(1− t). (A2)
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Let us introduce the new 4-vector k˜ = k − xp−, in order to calculate X in the limit z → 1:
4X = (x−(1− c))2 + (x−(1 + c))2 + (−x¯x−(1− c)− x(1 − z) + xx−(c− t))2 +
1
x¯2
(−x−(1 + c) + xx¯(1− z) + xx−(c− t))2 =
4[A1x
2
− + A2(1− z)2 + A3x−(1− z)(c− t) + A4x2−(c− t)2 +
A5x−(1− z) + A6x2−(c− t)], (A3)
with Ai given in Eq. 36.
Here we used the conservation law in the form p++ x¯p− = q++ q−+ k˜ and the kinematic
relations
k˜2 = −xχ−, 2p−k˜ = −2p+k˜ = χ−; χ− = 2p−k = s
2
x(1− z);
2q−k˜ =
s
2
xx−(c− t). (A4)
The relevant integrals on photon emission angle θ, z = cos θ are
1
π
z2∫
z1
dz√
D(c, t, z)
[
1
(1− βz)2 ;
1
1− βz ; 1, z, z
2] =
[
1− ct
Q3
;
1
Q
; 1; ct;
1
2
(1− c2 − t2 + 3c2t2)
]
,
Q =
√
(c− t)2 + (1− β2)(1− c2), (A5)
where β is implied to be a positive and real quantity not exceeding unity, with 1−β2 << 1.
For β = 1 we obtain Q = |c− t|.
The domains of variation of the lepton energy fractions are deduced from the kinematic
relation
2qk− =
s
2
xx−(1− β−t) = s(1− x+) > s
4
xx−(1− β2−).
We obtain
x¯− m
2x
sx¯
< x± < 1− m
2x
sx¯
, (A6)
and
t− = −1 + 2m
2
sx¯
< t < 1− 2m
2
sx¯2
= t+. (A7)
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The integrals on electron energy fraction (or on the variable t) associated with the photon
emission by the initial nucleons are
J1 =
1∫
−1
dt
r4R
=
1
A4
ln
s
M2
+∆J1;
∆J1 =
1
A4
[
ln
A2
4x¯
+
x(1 + c)
24x¯3
(A2 + 5x¯A+ 22)− x(1 − c)
24
(A2 + 5A+ 22)
]
;
J2 =
1∫
−1
dt
r2
(1− ct) = 1
x2
[
x
2x¯
(x+ c(2− x))− c ln 1
x¯
]
;
J3 =
1∫
−1
dt
r3
(c− t) = x+ c(2− x)
8x¯2
;
J4 =
1∫
−1
dt
r4
(c− t)2
|c− t| =
1
24A2
[
(1 + c)2
x¯3
(3− x(2− c)) + (1− c)2(3− x(1 − c))
]
;
J5 =
1∫
−1
dt
r3
=
2− x
8x¯2
;
J6 =
1∫
−1
dt
r4
c− t
|c− t| =
1
24A3
[
1 + c
x¯3
(A2 + 2x¯A+ 4x¯2)− (1− c)(A2 + 2A+ 4)
]
,
A = 2− x(1− c). (A8)
For the odd part of cross section we use (r = 2− x(1 − t), A = 2− x(1− c))
1∫
−1
dt
[
1
r
;
1
r2
;
1
r3
]
=
[
1
x
ln
1
x¯
;
1
2x¯
;
2− x
8x¯2
]
; (A9)
1∫
−1
dt
c− t
|c− t|
[
1
r
;
1
r2
;
1
r3
]
=
[
1
x
ln
A2
4x¯
;
1
2A
[
1 + c
x¯
− (1− c)
]
;
1
8A2
(
(1 + c)(A+ 2x¯)
x¯2
− (1− c)(A+ 2)
)]
;
In order to perform the integration over the photon energy fraction, we use
1∫
0
dx
[
1
A
;
1
A2
;
lnA
A
; ln x¯
]
=
[
1
1− c ln
2
1 + c
;
1
2(1 + c)
;
1
2(1− c)(ln
2 2− ln2(1 + c)); 1
1− cLi2(−
1 − c
1 + c
)
]
,
1− 4m
2
s∫
0
dx
x¯
[
ln x¯; lnA
]
=
[
−1
2
ln2
s
4m2
; ln
s
4m2
ln(1 + c)− Li2(−1 − c
1 + c
)
]
. (A10)
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Appendix B: One loop momentum integrals
Iab =
∫
d4k
iπ2(a)(b)
, Iabc =
∫
d4k
iπ2(a)(b)(c)
, I0qpm =
∫
d4k
iπ2(0)(q)(p)(m)
,
Jµabc =
∫
d4k · kµ
iπ2(a)(b)(c)
. (B1)
The standard procedure for joining the denominators leads to (for designations of the de-
nominators see eq. (19)):
ReI0q = LΛ − Ls + 1, LΛ = ln Λ
2
M2
,
I0p = Iqp = LΛ + 1, L = ln
M2
m2
,
I0m = Iqm = LΛ + L+ 1,
Ipm = LΛ + 1 +
(
M2
u
− 1
)
ln
(
1− u
M2
)
,
with Λ is the ultraviolet cut-off parameter. The real parts of three and four denominators
scalar integrals are:
I0qp =
1∫
0
dx
xs +M2(1− x)2 ln
sx
M2(1− x)2 , ReI0qp =
1
s
(
1
2
ln2
s
M2
+
π2
6
ξ2
)
, s≫M2,
ReI0qm =
1
s
[
1
2
ln2
s
m2
+
π2
6
ξ2
]
,
I0pm =
−1
2(M2 − u){ln
mM
λ2
ln
(M2 − u)2
m2M2
− 2Li2( −u
M2 − u) +
ln2(
M2 − u
M2
) + ln
M2 − u
M2
· L}; (B2)
I0pm = Iqpm =
−1
2(M2 − u){(ln
M2
λ2
− 1
2
L)(2 ln
M2 − u
M2
+ L)− 2Li2( −u
M2 − u) +
ln2(
M2 − u
M2
) + L · lnM
2 − u
M2
}, (B3)
I0pm =
−1
2(M2 − u){Lλ(2 ln
M2 − u
M2
+ L)− 1
2
L2 + ln2(
M2 − u
M2
)− 2Li2( −u
M2 − u)}, (B4)
I0pqm = − 1
s(M2 − u) ln
s
λ2
. (B5)
17
The relevant vector integrals are:
Jµ0qp = α0qpp
µ
+ + β0qpq
µ, α0qp =
1
sβ2
(sI0qp − 2Ls), β0qp = − 1
sβ2
(2M2I0qp − Ls),
Jµ0qm = α0qmq
µ + β0qmq
µ
−, α0qm =
1
s
(1 + Ls); β0qm = −2
s
(Ls + L) + I0qm,
Jµ0pm = α0pmp
µ
+ + β0pmq
µ
−, α0pm =
1
M2 − u [Ipm − I0p],
β0pm =
1
M2 − u [Ipm − I0m − 2M
2α0pm],
Jµqpm = Iqpmq
µ + αqpmp
µ
−, αqpm =
Iqp − Ipm
M2 − u ,
βqpm =
(M2 + u)(Ipm − Iqm) + 2M2(Iqm − Iqp)
(M2 − u)2 . (B6)
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